Abstract: In this paper we propose a weighted composite quantile regression (WCQR) estimation approach and study model selection for nonlinear models with a diverging number of parameters. The WCQR is augmented using a data-driven weighting scheme. With the error distribution unspecified, the proposed estimators share robustness from quantile regression and achieve nearly the same efficiency as the oracle maximum likelihood estimator for a variety of error distributions including the normal, mixed-normal, Student's t, Cauchy distributions, etc. Based on the proposed WCQR, we use the adaptive-LASSO and SCAD regularization to simultaneously estimate parameters and select models. Under regularity conditions, we establish asymptotic equivalency of the two model selection methods and show that they perform as well as if the correct submodels are known in advance. We also suggest an algorithm for fast implementation of the proposed methodology. Simulations are conducted to compare different estimators, and an example is used to illustrate their performance.
Introduction
Various techniques have been developed for simultaneous variable selection and coefficient estimation, based on the penalized likelihood or least squares principles. Examples include the nonnegative garrote (Breiman (1995) and Yuan and Lin (2007) ), the LASSO (Tibshirani (1996) ), bridge regression (Fu (1998) and Knight and Fu (2000) ), the SCAD (Fan and Li (2001) ), the MC+ (Zhang (2010) ), etc. These methods have advantages over traditional stepwise deletion and subset selection procedures in implementation and in the derivation of sampling properties, and have been extended by several authors to achieve robustness. For instance, for linear models, He and Shao (2000) considered M-estimator for general parametric models, Wang, Li, and Jiang (2007) considered the LASSO for least absolute regression (LAD-LASSO), and Zou and Yuan (2008a) studied the LASSO for composite quantile regression (CQR-LASSO), among others. These endeavors have enriched the variable selection theory for different models by using different regularized estimation methods, with aim at oracle model selection procedures (see Fan and Li (2006) for a comprehensive overview) and robustness and efficiency of the estimation (Zou and Yuan (2008a) ).
The CQR-LASSO in Zou and Yuan (2008a) is robust and performs nearly like a CQR-oracle model selector. The CQR they used is a sum of different quantile regression (QR) (Koenker and Bassett (1978) ) at predetermined quantiles, which uses equal weights for different QR (see Section 2 for details). Intuitively, equal weights are not optimal in general, and hence a more efficient CQR should exist. In this article we suggest a "weighted CQR (WCQR)" estimation method and let the data decide the weights to improve efficiency, while keeping robustness from the QR. The WCQR method is applicable to various models, but here we focus on the nonlinear model
where ε i 's are independent random errors with unknown distribution function G(·) and density g (·) , and the function f (·, β) is known up to a p-dimensional vector of parameters β. Model (1.1) contains many submodels of which linear models and generalized linear models with continuous responses are specific examples. The nonlinear model can also be used when the effects of some covariates are linear and the remaining are nonlinear. Note that the proposed WCQR is new even for linear models.
Model selection with a fixed number of parameters has been widely pursued in the last decades. However, to reduce possible modeling biases, many variables are introduced in practice. As noted in Huber (1973 Huber ( , 1988 , Portnoy (1988) and Donoho (2000) , the number of parameters p is often large and should be modeled as p n , which tends to ∞. Fan and Peng (2004) and Lam and Fan (2008) advocated that, in most model selection problems, the number of parameters should be large and grow with the sample size. In a recent seminal paper, Fan and Lv (2010) also studied model selection for generalized linear models with the number of parameters much higher than the sample size. We allow p to depend on the sample size n. To stress dependence on the sample size, we denote the p n -vector of parameters by β n = (β n1 , . . . , β npn ) ′ and rewrite (1.1) as:
(1.2)
Without loss of generality, we partition the parameter vector as β n = (β n1 ′ , β n2 ′ ) ′ with β n1 ∈ R sn and β 2n ∈ R pn−sn , and assume the true regression coefficients are β
We address the issue of variable/parameter selection using the penalized WCQR with the adaptive LASSO and SCAD penalties. Since the weights in the WCQR are allowed to be negative, the proposed WCQR is different from the common QR and the CQR (see also Section 2). When the weights are all equal and the model is linear with a fixed number of parameters, our method reduces to that of Zou and Yuan (2008a) if the LASSO penalty is employed. Since the proposed WCQR involves a vector of weights, we develop a data-driven weighting strategy that maximizes the efficiency of the WCQR estimators. The resulting estimation is adaptive in the sense that it performs asymptotically the same as if the theoretically optimal weights were used. The adaptive estimation is robust against outliers and heavy-tailed error distributions, such as the Cauchy distribution, and nearly as efficient as the oracle MLE for a variety of error distributions (see Theorem 4 and Table 1 ). This is a great advantage of the proposed estimation method, since the adaptive WCQR estimators does not require the form of error distribution and achieves nearly the Cramér-Rao lower bound.
The penalized WCQR estimators admit no close form and involve minimizing complicate nonlinear functions, so it is challenging to derive asymptotic properties and to implement the methodology. Theoretically, we establish asymptotic normality of the resulting estimators and show their optimality, no matter whether the error variance is finite or not. Practically, we develop an algorithm for fast implementation of the proposed methodology. This algorithm solves a succession of (penalized) linearized WCQR problems, each of whose dual problems is derived. We extend the "interior point algorithm" (Vanderbei, Meketon, and Freedman (1986) and Koenker and Park (1996) ) to solve these dual problems. The resulting algorithm is easy to implement. Simulations endorse our discovery.
The rest of the article is organized as follows. In Section 2 we introduce the penalized WCQR for model (1.2). In section 3 we suggest a computation method for the proposed methodology. In Section 4 we conduct simulations and apply the proposed methods to analyse a dataset. Finally, in the Appendix we give proofs of the theorems.
Oracle Model Selection Based on Weighted Composite Quantile
Regression Our idea can be well motivated from the linear model,
where
noise with unknown distribution G(·) and density g(·).
By Koenker and Bassett (1978) , the τ -th QR estimate of β can be obtained via minimizing
over β and b τ , where ρ τ (u) = u(τ −I(u < 0)) is the check function with derivative ψ τ (u) = τ − I(u < 0) for u ̸ = 0. Noticing that the regression coefficients are the same across different QR estimation methods, Zou and Yuan (2008a) proposed to estimate β by minimizing
2) over β and b τ k and to use the adaptive LASSO penalty (Zou (2006) ) for (2.2) to select variables, where {τ k } K k=1 are predetermined over (0, 1). This is the aforementioned CQR-LASSO.
Note that the CQR method uses the same weight for different QR models. Intuitively, it is more effective if different weights are used, which leads to minimizing
where ω = (ω 1 , . . . , ω K ) ′ is a vector of weights such that ∥ω∥ = 1 with ∥ · ∥ denoting the Euclidean norm. The weight ω k controls the amount of contribution of the τ k -th QR. The components in the weight vector ω are allowed to be
may not be positively correlated. Thus, the WCQR is essentially different from the CQR. Applying the weighting scheme to (1.2), one can estimate β n by minimizing
Since this estimation method cannot directly be used to select variables/parameters, we resort to the penalized estimation by minimizing
over (β n , b), where p λn (·) is a penalty function and λ n is a non-negative regularization parameter. For convenience, the minimizer of β n for (2.4) is referred to it as "the penalized WCQR estimator". For linear models, the CQR-LASSO method can be regarded as an example of the penalized WCQR estimation with ω i = 1/ √ K. In general, given K, one can use equally spaced quantiles at τ k = k/(K + 1) for k = 1, 2, . . . , K. In practice, one can choose K = 10 to be efficient for most situations. See Table 1 for details.
There are various choices for the penalty function p λn (·), as discussed in the beginning of the article. In the following we focus on only the SCAD and adaptive-LASSO penalties. The results can be extended to other penalty functions.
Model selection with SCAD penalty
The SCAD penalty p λ (·) (Fan and Li (2001) ) is defined in terms of its first order derivative and is symmetric about the origin. For θ > 0,
where a > 2 and λ > 0 are tuning parameters. We obtain the SCAD penalized WCQR by solving
For convenience, the estimation is coined as WCQR-SCAD method.
We establish consistency and asymptotic normality of the SCAD penalized estimator. For clear exposition on the methodology, all regularity conditions are relegated to the Appendix. 
. Let G n11 be the s n × s n sub-matrix of G n corresponding to β n1 , and let e n be a s n × 1 unit vector. √ n p λ n → ∞, and p 3 n /n → 0 as n → ∞, then, with probability tending to 1, the root-n p consistent local minimizer
). Fan and Peng (2004) established the oracle property of the penalized likelihood estimator under the assumption p 5 n /n → 0. This condition has been relaxed to p 3 n /n → 0 for the WCQR-SCAD method.
Remark 1.
When n is finite and large enough, Σ λn = 0 and c n = 0. Hence,
, soβ n1 enjoys the same efficiency as the WCQR estimator of β n1 for the submodel with β n2 = 0 known in advance.
As shown in Jennrich (1969) and Wu (1981) , for a fixed number of parameters p n = p, the asymptotic variance of the least squares estimator of β is σ 2 G −1 n , where σ 2 is the variance of the error. The result can be extended to the case of a diverging number of parameters p n . It follows that the asymptotic relative efficiency (ARE) of the WCQR-SCAD estimation with respect to the oracle least squares (OLS) estimation for the submodel with β n2 = 0 known in advance is ARE(ω, g) = σ 2 σ −2 (ω).
Since the asymptotic variance matrix depends on ω only through σ 2 (ω), the weights should be selected to minimize σ 2 (ω). Let Ω be a K × K matrix with the (k, k ′ ) element
Then the optimal weight ω opt , which minimizes σ 2 (ω), is
and with this optimal weight, σ 2 (ω opt ) = (g ′ Ω −1 g) −1 . The optimal weight components can be very different, and some of them may even be negative, a fact seen in our simulations. The usual nonparametric density estimation methods, such as kernel smoothing based on estimated residualsε i , can provide a consistent estimationĝ(·) of g (·) . Let the resulting estimate of g beĝ. Then
is a nonparametric estimator of ω. This leads to an adaptive estimator of β by minimizing
over b τ k and β. Let the resulting estimator of β beβ n .
Theorem 3.
Under the conditions of Theorem 2, with probability tending to 1,
,β n1 has the same asymptotic variance matrix asβ n1 , if ω opt were known. That is, the estimatorβ n is adaptive. Therefore, ω is called the adaptive weight vector. By Theorem 3, the asymptotic relative efficiency (ARE) of adaptive WCQR estimation with respect to OLS estimation is e(W CQR, OLS) = σ 2 g ′ Ω −1 g. It is easy to show that, for the oracle maxi-
g(t) dt is the Fisher information, and hence e(W CQR, OM L)
The following theorem demonstrates that, for equally spaced {τ k } K k=1 , the adaptive estimatorβ n is nearly efficient as the OML estimators for various error distributions, a great advantage of the proposed methodology. 
Theorem 4. Suppose the derivative
For each K, the AREs of the adaptive estimatorβ n with respect to some common estimators can be calculated. To appreciate how much efficiency is gained in practice, we investigate the performance of common estimators. Table  1 reports AREs for linear models with various error distributions; it showsβ n is highly efficient for all distributions under consideration. For linear models, Leng (2009) demonstrated that his regularized rank regression estimator (R 2 ) was quite efficient and robust. Table 1 indicates that the proposed adaptive estimate dominates R 2 for all error distributions and is much more efficient than it when the error follows the Cauchy or chi-squared distribution. It also suggests that typically one could choose K = 10 in practice and such efficiency is largely gained, as shown in simulations. Therefore, with K = 10 say, the computational burden associated with the penalized WCQR is not heavy.
Model selection with adaptive-LASSO
As a variable selection method, LASSO was proposed by Tibshirani (1996) using the L 1 penalty. Zou (2006) introduced the adaptive LASSO by penalizing different parameters with adaptive weights, which makes the LASSO an oracle method. In what follows we develop the adaptive LASSO theory for the WCQR estimation of model (1.2). Denote byβ n the solution to min βn,b L n (β n , b; ω). Then using the same argument as for Theorem 1,β n is √ n p -consistent. Thus, we can useβ n to construct the adaptive LASSO penalty. Letw nj = |β nj | −γ for some γ > 0, and take the adaptive LASSO penalized WCQR estimator to be
∑ pn j=1w nj |β nj |, and h n is a nonnegative regularization parameter. The estimation approach is referred to as the adaptive WCQR-LASSO, for convenience. 
Theorem 5 (Consistency). Suppose the density g(·) satisfies Condition (C) and the regression function
Note that d n is not zero when n is finite and large enough, hence the bias term for the WCQR-LASSO in Theorem 6 cannot be ignored. By Condition (B 4 ),
). This combined with Remark 1 demonstrates that the adaptive WCQR-LASSO and WCQR-SCAD estimators enjoy the same oracle properties.
Remark 2. For model (2.1) with a fixed number of parameters, we have G n ≡ G = var(x 1 ). If all ω k are equal, Theorem 6 reduces to the asymptotic normality of the adaptive lasso penalized CQR estimator in Zou and Yuan (2008a) .
For the above model selection methods we require p 3 n /n → 0. This condition is not the best available in the literature and is chosen partly for simplicity in proofs. He and Shao (2000) derived asymptotic normality of their M-estimator under p 3 (log p) 2 = o(n) using a different argument (see Corollary 2.1 therein); this condition is weaker than ours. Recently, Belloni and Chernozhukov (2011) studied L 1 -penalized quantile regression for high-dimensional sparse linear models and established nonasymptotic results and convergence rates of their estimators. We believe that our condition can be further relaxed to p n = O(exp(n δ )) for 0 < δ < 1 (NP-dimensionality; see Fan and Lv (2010) and Lv and Fan (2009) ). However, establishing results for the WCQR under the current model with NPdimensionality requires much more complicated techniques. We intend to study this in the future.
Numerical Implementation
We introduce a fast algorithm for computation. This algorithm solves a succession of penalized linearized WCQR problems, each of which is solved by extending the interior point algorithm (see Osborne and Watson (1971) and Koenker and Park (1996) ). Matlab codes are available upon request for the proposed methods.
Minimization at (2.5) can be done using a similar method as for (2.7), so we first consider the minimization of (2.7). This is equivalent to
where Following Osborne and Watson (1971) , we solve (3.1) using the following algorithm.
(1) Given the current value, θ (r) , of θ, calculate t to minimize
Let the minimizer be λ = λ (r) .
(3) Put θ (r+1) = θ (r) + λ (r) t (r) . Update the current value of θ by θ (r+1) , and repeat the above procedure until convergence.
Here the problem (3.3) can easily be solved by line search in the resulting direction t = t (r) , but one has to solve a succession of penalized linearized WCQR problems in (3.2). Let
For j = 1, . . . , p n and k = 1, . . . , K, let y * (n+j)k = 0 and a (n+j)k = nh nwnj e K+j , where e K+j is a (K + p n ) × 1 vector with the (K + j)th entry being one and others being zeros. Then (3.4) ss the linear programming problem:
Then the dual problem of (3.5) is max
There are two methods, the simplex and the interior point, for solving (3.6). Here we opt for the latter due to its advantages (Bassett and Koenker (1992) and Koenker and Park (1996) ): computational simplicity and natural extensions to nonlinear problems; unlike the simplex-based method, the interior point algorithm converges to the correct solution. Algorithmic details for the dual problem (3.6) proceed as follows.
1. For any initial feasible d, e.g., d = 0, following Vanderbei, Meketon, and Freedman (1986) , take a n×n diagonal matrix D
(1)
for k = 1, . . . , K, and a 0 ∈ (0, 1) is a constant chosen to insure feasibility. As suggested by Koenker and Park (1996) , we take a 0 = 0.97. After solving (3.6) using this interior point algorithm, we arrive at the next loop that uses the current value θ = θ (r+1) for the primal problem in (3.5). This leads to the updated dual problem (3.6) with
. . , n. The current d should be adjusted to ensure that it is feasible for the new value of A. Similar to Koenker and Park (1996) , we project the current d onto the null space of the new A, d = (I − A(A ′ A) −1 A ′ )d, and then shrink it to insure that d
As noted by Koenker and Park (1996) , the difficulty with the above method is twofold: one must solve a linearized problem (3.2) or equivalently (3.5) at each iteration; the resulting search directions may be inferior to directions determined by incomplete solutions to the sequence of linearized problems. As they suggest, when f (x i , β n ) is nonlinear there is no longer a compelling argument for fully solving (3.2), using only a few iterations to refine the dual vector is preferable. This reduces the computational burden.
Next, we consider (2.5). By Taylor's expansion for the SCAD penalty at an initial consistent estimate β 0 n (for example the common L 1 -norm estimate), we have
which can be solved using the same algorithm as for (3.1). Update the initial value for β n and do iterations until convergence, where a few steps can lead to convergence since β 0 n is close to the true parameter.
Numerical Studies

Choice of the tuning parameters
For the penalized WCQR estimators, one has to select tuning parameters λ n and h n , respectively, for the SCAD and LASSO penalties. The two parameters can be chosen using the same method. We focus on the choice of λ n .
There are several methods for selecting λ n , including the generalized crossvalidation (GCV) criterion (Wang, Li, and Tsai (2007) ) and the Schwartz Information Criterion (SIC) (see Koenker, Ng, and Portnoy (1994) and Zou and Yuan (2008b) ). Since the resulting estimators depend on λ n , we denote the estimators by (β λn ,b λn ) to stress such dependence. Applying the SIC method, we propose to select λ n by minimizing
over λ n , where df (λ n ) is the effective degrees of freedom of the fitted model that calibrates the complexity of model. Following Koenker, Ng, and Portnoy (1994) , for each given λ n we take
and use the size |E λn | of E λn to estimate df (λ n ). Nychka et al. (1995) and Yuan (2006) proposed to use Stein's (1981) 
to estimate df , wheref (x i ) is a fitted model. For the linear models y i = x ′ i β + ε i , it is easy to see that ∑ n i=1 ∂f (x i )/∂y i is the dimension of β if the least squares estimation method is used. Li, Liu, and Zhu (2007) and Li and Zhu (2008) showed that, for quantile regression, ∑ n i=1 ∂f (x i )/∂y i = |E λn |. Therefore, it is reasonable to use |E λn | to estimate df (λ n ). This leads to the tuning-parameter estimateλ
Simulations
In this section we report on simulations to investigate finite sample performance of the WCQR estimation and the associated model selection. An exponential regression model was used: p λn (|β j |)/|β j |, where h n and λ n are tuning parameters andβ j 's are consistent estimators of β j 's. For simplicity, we used the LASSO with γ = 1 that closely relates to the nonnegative garotte (Breiman (1995) ) as shown in in Zou (2006) . Other values for γ are possible, since there is no optimal theoretical values for it. The tuning parameters were determined by SIC method, and the number of quantiles K was 10, as suggested in Section 2. Since the WCQR estimator involves a weighting scheme and the density of error is known in simulations, we took the optimal weight ω opt (see Section 2) for all simulations. Following the suggestion of the AE, we compared the performance of the above penalized methods with the "naive" method that simply sets zero penalty for coefficients and hard-thresholds the resulting estimator. Specifically, we used the hard thresholding ruleβ j (λ n ) =β j I(|β j | > λ n ), whereβ j was the resulting estimate of β j using the L 1 or CQR or W CQR methods, and λ n was the threshold parameter selected by SIC based on the naive estimator.
With β n = (b, c ′ ) ′ as the p n × 1 vector of parameters in the working model, we drew from the working model 400 samples of sizes 200 and 400 with p n = [n 1/3 ] + 3. In each simulation, the first component of x was U [−1, 1], and the remaining components of x were jointly normal distributed with the pairwise correlation coefficient 0.5 and standard normal as marginals. We considered four sets of errors: N (0, 1), t(5), 0.1N (0, 1) + 0.9N (0, 3 2 ) and χ 2 (4). All of them were centralized and scaled so that the medians of the absolute errors were ones.
We compared five estimation methods: the penalized L 1 , CQR, and WCQR estimation, naive estimation, and OML estimation. In each simulation the "root of mean squared errors (RMSE)" for different coefficient estimators were calculated, and their average over simulations is reported in Tables 2−5 , where Σ denotes the sum of RMSE for all components in β. Clearly, the OML estimator performed best, the penalized WCQR performed comparably to the oracle estimator, and the naive method was the worst. This is expected, since the hard-thresholding rule is discontinuous and creates unnecessary bias when the regression coefficients are large. The SCAD penalty function leaves large values of β j not excessively penalized and makes the resulted solution continuous, and hence does not create excessive biases when β j 's are large (see Fan and Li (2001) ). This exemplifies the theory about the penalized WCQR estimation: asymptotically the penalized WCQR estimation performed as well as if the correct submodel were known and had almost the same efficiency of OML estimation; the penalized WCQR performed much better than the penalized CQR and L 1 when the error was chi-squared, but the two methods were comparable when the errors were symmetric, such as normal, mixed normal and t(5). In Table 6 we report the frequency that zero coefficients were set to zero correctly if their estimates were less than 10 −8 ; it shows that the frequency was higher for larger sample size. In this example, all non-zero coefficients were set to non-zero correctly.
As noted by the AE, it is not clear that SIC picks the best penalty level for model selection and the estimation of coefficients. We explored this issue in simulations and tested the limit of the algorithm by using larger p n , p n = [n 1/2 ], [n 2/3 ], and n. Our experience suggests that it works for p n = [n 1/2 ] but fails for the other two scenarios. The results here do not really support the conjecture in the last paragraph of Section 2, but the asymptotically weak correlation condition between the important variables and the unimportant variables did not hold in our simulations (see also Condition 2 of Fan and Lv (2010) ). To save space we report only the results under normal error in Tables 7−8 . Compared to other penalized estimators, the penalized WCQR still performed the best. However, the frequency of correctly identifying zero coefficients was not higher for larger sample size. Following the suggestion of a referee, we studied the effect of estimating optimal weights for the proposed estimators. Table  9 reports the results with chi-squared error. Compared with Table 5 , it can be seen that, for large sample size, our estimators with estimated weights performed nearly as well as the estimators with optimal weights. This is expected from our theoretical results. 
A data example
Patients in hospitals are at risk of infection. To study Efficacy of Nosocomial Infection Control (SENIC), the Hospital Infections Program was conducted by Robert W. Haley and his collaborators, Center for Infectious Diseases, Centers for Disease Control, Atlanta, Georgia 30333. This resulted in the SENIC dataset for the 1975-76 study period, consisting of a random sample of 113 hospitals selected from the original 338 hospitals surveyed (see Kutner et al. (2005) ). For each hospital there are 11 variables.
• Infection risk (y): Average estimated probability of acquiring an infection in the hospital. • Length of stay (x 1 ): Average length of stay of all patients in the hospital (in days).
• Age (x 2 ): Average age of patients (in years).
• Routine culturing ratio (x 3 ): Ratio of number of cultures performed to number of patients without signs or symptoms of hospital-acquired infection, times 100.
• Routine chest X-ray ratio (x 4 ): Ratio of number of X-rays performed to numbers of patients without signs or symptoms of pneumonia, times 100.
• Number of beds (x 5 ): Average number of beds in the hospital during the study period. • Medical school affiliation (x 6 ): 1=Yes, 2=No.
• Region (x 7 -x 9 ): Geographic region: 1=NE, 2=NC, 3=S, 4=W.
• Average daily census (x 10 ): Average number of patients in the hospital per day during the study period.
• Number of nurses (x 11 ): Average number of full-time equivalent registered and licensed practical nurses during the study period (number full time plus one half the number part time).
• Available facilities and services (x 12 ): Percent of 35 potential facilities and services that are provided by the hospital.
We study whether the infection risk depends on the possible influential factors and target a good estimate for infection risk, after adjusting for contributions from confounding factors. Since the medical school affiliation and region are categorical, we introduced a dummy variable x 6 for the medical school affiliation and three dummy variables (x 7 , x 8 , x 9 ) for the region as covariates. Note that the response y (infection risk) is the average estimated probability of acquiring an infection in the hospital. It is sensible to use a logistic model with all of covariates, . . . , 113, to model the relationship between the infection risk and all possible infection factors, where all of covariates are used to reduce possible modeling biases and the number of non-zero parameters is assumed to depend on the sample size. We applied the L 2 -penalized least squares estimation (LSE) and the penalized CQR and WCQR methods with adaptive LASSO and SCAD penalties to select the non-zero parameters or significant variables. We employed classic kernel smoothing over the residuals from CQR-estimation to estimate the density of error. The estimator takes the formĝ(x) = (1/nh)
where K is a density kernel, h is the bandwidth controlling the amount of smoothing, and theε i 's are residuals from the CQR method. Then we obtained the data-driven weight vectorω. The SIC criterion (Section 5.1) was applied to choose the tuning parameters. The results of variable selection are presented in Table 10 . From 229 (1302) 
15 (14) 23 (21) 12 (21) 21 (21) 12 (20)
Table 10, we can see that penalized SCAD and penalized LASSO methods both selected four variables: age (x 2 ), routine chest X-ray ratio (x 4 ), number of beds (x 5 ), and average daily census (x 10 ), but the penalized LSE selected all variables (note that x 7 -x 9 together represent the region). Similar to ridge regression for linear models, the LSE with L 2 -penalty failed to shrink any coefficients directly to zero for the nonlinear model. Since the estimated coefficients were negative for x 4 and x 5 and positive for x 2 and x 10 , the above analysis indicates that, during the study period, infection risk (y) increases with the average age of patients (x 2 ) and the average number of patients in hospital per day (x 10 ), and decreases with the routine chest X-ray ratio (x 4 ) and average number of beds in hospital (x 5 ). This is expected, since elderly patients tend to have a weak resistance to infection, and a larger x 10 results in a smaller value of x 5 and increases the chance of cross-infection among patients. In addition, routine chest X-ray may do harm to the body, and patients without signs or symptoms of pneumonia should receive it as little as possible.
To check the significance of the selected model, we considered the hypothesis testing problem: H 0 : β 2 = β 4 = β 5 = β 10 = 0 versus H 1 : at least one of them is non-zero.
The LSE was used to estimate the parameters in the null and alternative models, with SSE(H 0 ) and SSE(H 1 ) the residual sum of squares under H 0 and H 1 , respectively. Let
where df 0 = n − 1 and df 1 = n − 5 degrees of freedom for the null and alternative models, respectively. Then the approximate null distribution of F -statistic is F (df 0 − df 1 , df 1 ). The realized value of F was calculated as 124.541 with approximate p-value equal to zero. Hence, the selected model was significant.
where λ min (Γ n ) and λ max (Γ n ) are the smallest and largest eigenvalues of Γ n .
Conditions (B 1 )−(B 2 ) are similar to the conditions (F)−(G) placed on the information matrix in Fan and Peng (2004) . Condition (B 3 ) is the condition of Fan and Peng (2004) used to obtain the oracle property. Condition (B 4 ) is used to obtain the oracle property when using the adaptive LASSO penalty.
(iii) Regularity conditions on the error distribution. The condition (C) acts in accord with the condition placed on the error distribution for single quantile regression (Koenker (2005) ).
A.2. Proofs of Theorems
Following the arguments for Theorem 2, we can show Theorem 3. Theorems 5 and 6 can be proved using the arguments for Theorems 1 and 2. Hence, we only discuss the proofs of Theorems 1, 2, and 4. The argument for likelihood estimation in Fan and Peng (2004) is based on Taylor's expansion on the loss function. Since the loss function ρ(·) is not differentiable here, we use some arguments from quantile regression.
To facilitate the proofs, we write η n,
and
Proof of Theorem 1.
We show that, for any δ > 0, there is a large constant C such that, for large n,
This implies that, with probability tending to one, there is a local minimumβ n in the ball
. By the Mean Value Theorem, there exists aβ n between β * n and β * n + α n u n , such that
, and δ n (u n ) = √ nα n u ′ n (z n − z n ). By (B 1 ) and direct computation of the mean and variance for each component, it is easy to show that ||z n − z n || = o p (1). Then, by the Cauchy-Schwartz inequality,
By the identity (Knight (1998) Then we can rewrite S n (u n , v) as
Put µ n = E(∇f * n1 ) and Γ n = E[(∇f * n1 ) ⊗2 ]. Note that, by (B 2 ), ∥Γ n ∥ = O(1). It follows that E(z ′ n u n ) = 0 and E{(z ′ n u n ) 2 } = u ′ n E(z n z ′ n )u n = ω ′ Aω u ′ n Γ n u n = O(∥u n ∥ 2 ). Hence, z ′ n u n = O p (∥u n ∥). This, combined with (A.3) and (A.5), leads to where
Taking Taylor's explanation for G(b *
By direct calculation of the mean and variance, we can show, as in Jiang, Zhao, and Hui (2001) , that B Solving (A.13) and (A.14), we obtain that
where 
Using Taylor's expansion, we obtain that
as K → ∞. Therefore, g ′ Ω −1 g = I g , where
g(t) dt is the Fisher information. It follows that e(W CQR, OM L)
= I −1 g g ′ Ωg → 1 as K → ∞.
